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C . X, Y , X
$Y$ $\pi$ : $Xarrow Y$ , $X$ $Y$ . ,
$\mathbb{C}(X),$ $\mathbb{C}(Y)$ $\mathbb{C}(X)$ $\mathbb{C}(\mathrm{Y})$
$\deg\pi$ . $\mathbb{C}(X)/\mathbb{C}(\mathrm{Y})$ Galois , $X$ Galois
. Galois Gal(C(X)/C(Y)) G , G-
.
0.1 $G$ . G $\varpi$ : $Xarrow Y$ , $\varpi$
versal :
$G$ $\pi$ : $Warrow Z$ , $W$ $X$ $G$ - $\mu$ : $W–*X$
$\mu(W)\not\subset \mathrm{F}\mathrm{i}\mathrm{x}(X, G)$, Fix(X, $G$ ) $=$ {$x\in X|x$ $G_{x}$ .},
.
0.1 $G$- $\varpi$ : $Xarrow Y$
.
versal $G$- :
$\bullet$ $G$ , versal $G$- [7], [8]. , –
.
$\bullet$ $G$ , $\min$ {$\dim X|\varpi$ : $Xarrow Y$ versal $G$- } , Buhler
Reichstein essential dimension, $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)$ ([2] ).
$\bullet$ $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)=1$ $2n$ ( $n$ ) .
$\bullet$ $G$ $H$ , $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)\geq \mathrm{e}\mathrm{d}_{\mathbb{C}}(H)$ .
$\bullet$ $G=(\mathbb{Z}/p\mathbb{Z})^{\oplus r},$ $p$ , $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)=r$ .
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$\bullet$ $S_{n}$ $n$ , $n\geq 5$ , $\mathrm{e}\mathrm{d}_{\mathbb{C}}.(S_{n})\leq n-3$.
, 2 versal G- . , G
$(\mathbb{Z}/p\mathbb{Z})^{\oplus 2},$ $S_{4},$ $A_{4},$ $S_{5},$ $A_{5}$ ( $A_{n}$ $n$ ) 2 versal G-
. 2 versal $G$- ([10]) :
0.1 $G$ $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G).=2$ . ,
$X$ :
$\bullet$
$\rho$ : $Garrow \mathrm{A}\mathrm{u}\mathrm{t}(X)$ . , $G$ $X$ .
$\bullet$ (X, $G$ ) . , $G$ $X’$ G-
$f$ : $Xarrow X’$ $f$
$\bullet$ $G$ $Y:=X/G$ , $\varpi$ : $Xarrow Y$ versal G-
.
0.1 $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)=2$ $G$ 2 $\mathrm{C}\mathrm{r}_{2}(\mathbb{C})$
.
$\ulcorner_{\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{a}1}$ :
0.2 $X$ , Bir(X) $X$ .
$G$ Bir(X) $\rho$ : $Garrow \mathrm{B}\mathrm{i}\mathrm{r}(X)$ , $\rho$
versal : $\exists$ $X’$ such that (i) $X’$ $X$
, (ii) $\rho$ Aut(X) , (iii) $X’arrow X’/G$ versal G
.
$\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)=2$ :
$\rho:Garrow \mathrm{C}\mathrm{r}_{2}(\mathbb{C})$ versal Definition 0.2 $X’$
. versality $\rho(G)$ conjugate class ([10])
, 2- versal $G$- $\mathrm{C}\mathrm{r}_{2}(\mathbb{C})$
. .
0.1 (i) $\sigma_{1}$ $\sigma_{2}$ $\mathrm{P}^{2}$
$\sigma_{1}$ : $[X_{0}, X_{1}, X_{2}]\mapsto[\omega X_{0},\omega^{2}X_{1}, X_{2}]$
$\sigma_{2}$ : $[X_{0}, X_{1}, X_{2}]-\rangle[X_{1}, X_{2}, X_{0}]$ ,
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, $[X_{0}, X_{1}, X_{2}]$ , $\omega=\exp(2\pi\sqrt{-1}/3)$ . $G_{1}$ $\sigma_{1_{f}}$
$\sigma_{2}$
( ) $G_{1}\cong(\mathbb{Z}/3\mathbb{Z})^{\oplus 2}$ $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G_{1})=2$ ,
( ) $\varpi_{G_{1}}$ : $\mathrm{P}^{2}arrow \mathrm{P}^{2}/G_{1}$ versal .
(ii) $\sigma_{1}$ $\sigma_{2}$ $\mathrm{P}^{2}$
$\sigma_{1}$ : $[X_{0}, X_{1}, X_{2}]-\rangle[X_{0},\omega X_{1},X_{2}]$
$\sigma_{2}$ : $[X_{0}, X_{1},X_{2}]rightarrow[X_{0},X_{1}, \omega X_{2}]$ ,
, $[X_{0}, X_{1}, X_{2}]$ , $\omega=\exp(2\pi\sqrt{-1}/3)$ . $G_{2}$ $\sigma_{1}$ ,
$\sigma_{2}$
(4) $G_{2}\cong(\mathbb{Z}/3\mathbb{Z})^{\oplus 2}$ $\mathrm{e}\mathrm{d}_{\mathrm{C}}(G_{1})=2$ ,
(D) $\varpi c_{2}$ : $\mathrm{P}^{2}arrow \mathrm{P}^{2}/G_{2}$ versal $G$ .
0.1 $G_{1},$ $G_{2}$ $\mathrm{C}\mathrm{r}_{2}(\mathbb{C})$ .
edc(G)=2 , ,
0.1 $\mathrm{e}\mathrm{d}_{\mathbb{C}}(G)=2$ $G$ $\mathrm{C}\mathrm{r}_{2}(\mathbb{C})$ versal
?




0.2 \S 1 $S_{4},$ $A_{\overline{\mathrm{o}}}$ Cr2 $(\mathbb{C})$ versal
,
, . [1] .
1 versal $S_{4}$- versal A5-
1.1 Versal S4-
S4 4 . $S_{4}$
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$\rho:S_{4}arrow \mathrm{G}\mathrm{L}(3, \mathbb{C})$ :
$\sigma-\rangle$ $\taurightarrow$
$\lambda_{1}\text{ }arrow$ $\lambda_{2}-\rangle$
Versal S4- $\varpi_{S_{4},1}$ : $X_{1}arrow \mathrm{Y}_{1}$
$X_{1}$ $\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}$ :
$x_{0}y_{0}z_{0}-x_{1}$Yl $z_{1}=0$ ,
, $([x_{0},x_{1}], [y_{0}, y_{1}], [z_{0}, z_{1}])$ . $x=x_{1}/x_{0},$ $y=y_{1}/y_{\mathit{0}},$ $z=z_{1}/z_{0}$
. $\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}$ $S_{4}$ :
$(x, y, z)^{\sigma}$ $=$ $(y, x, z)$
$(x, y, z)^{\tau}$ $=$ $(y, z, x)$
$(x, y, z)^{\lambda_{1}}$ $=$ $(-x, y, -z)$
$(x, y, z)^{\lambda_{2}}$ $=$ $(-x, -y, z)$
$X_{1}$ $S_{4}$ $S_{4}$ $X_{1}$ (
) . $\mathrm{Y}_{1}=X_{1}/G$ , $\varpi_{S_{4},1}$ : $X_{1}arrow$ . [9] [11] ,
$\varpi_{S_{-}}$ . : $X_{1}arrow Y_{1}$ versal S4- .
$X_{1}$ $S_{4}$- . , $X_{1}$ 6 del-Pezzo
, , $X_{1}$ $\mathrm{P}^{2}$ 3 blow-up $\llcorner$ .
1. 1 xoyozo $=0$ $X_{1}$ 6 $C_{1},$ $C_{2},$ $\ldots,$ $C\epsilon$
. $C_{i}$ $-1$ .
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. $p_{12}$ : $\mathrm{P}^{1}\cross \mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}arrow \mathrm{P}^{1}\cross \mathrm{P}^{1}$ . ,
, $p_{12}$ $X_{1}$ $\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}$ $([1, 0], [0,1])$ $([0,1], [1,0])$
blow-up $\text{ }$ . .
1.2 $\mathrm{P}\mathrm{i}\mathrm{c}(X_{1})$ $X_{1}$ Picard . $\mathrm{P}\mathrm{i}\mathrm{c}^{S_{4}}(X_{1})=\mathbb{Z}(-K_{X_{1}})$ .
. $-K_{X_{1}} \sim\sum_{i=1}^{6}C_{t}$ , , , $\mathrm{P}\mathrm{i}\mathrm{c}^{S_{4}}(X_{1})$
.
$x\in X_{1}$ , $d_{x}=\# O(x)$ , $O(x)$ $x$ $S_{4}$ .
, $d_{x}<6$ .
13(i) $d_{x}=1,2,5$ .
(ii) $d_{x}=4$ 12 .
$R_{11}(1,1,1)$ $R_{12}(1, -1, -1)$ $R_{13}(-1, -1,1)$ $R_{14}(-1,1, -1)$
$R_{21}(\omega,\omega,\omega)$ $R_{22}(\omega, -\omega, -\omega)$ $R_{23}(-\omega, -\omega,\omega)$ $R_{24}(-\omega,\omega, -\omega)$
$R_{31}(\omega^{2}, \omega^{2},\omega^{2})$ $R_{32}(\omega^{2}, -\omega^{2}, -\omega^{2})$ $R_{33}(-\omega^{2}, -\omega^{2}, \omega^{2})$ $R_{34}(-\omega^{2},\omega^{2}, -\omega^{2})$ ,
, $(x, y, z)$ , $\omega=\exp(2\pi\sqrt{-1}/3)$ .
12 3 .
(iii) $d_{x}=4$ 6 .
([0,1], [1,0], [0,1]) $P_{2}([1,0], [0,1], [0,1])$ $P_{3}([0,1], [0,1], [1,0])$
$Q_{1}([1,0, ], [1,0], [0,1])$ $Q_{2}([1,0], [0,1], [1,0])$ $Q_{3}([0,1], [1,0], [1,0])$ .
(ii) , 6 2 .
. 2
$\bullet$ $\tau$ $x_{0}y_{0}z_{0}=0$ .





. 1.1 , $\mathrm{P}^{1}\cross \mathrm{P}^{1}$ $0$
. $\mathrm{P}^{1}\cross \mathrm{P}^{1}$ $([1, 0], [0,1])$ , $([0,1], [1,0])$ ,
.
Versal S4- $\varpi_{S_{4},2}$ : $X_{2}arrow$
Proposition 4.1 (ii) ([9]) , $\rho$ versal S4- $\mathrm{P}^{2}arrow \mathrm{P}^{2}/S_{4}$ .
$X_{2}=\mathrm{P}_{2},$ $\mathrm{Y}_{2}=\mathrm{P}^{2}/S_{\mathit{4}}\varpi_{S_{4},2}=$ versal 84- .
1.2 versal A5-
, :
15 $S$ , 5 $A_{5}$ $S$
. $x\in S$ , $d_{x}$ $x$ , $S$ $d_{x}<5$
.
. $d_{x}=1$ . $d_{x}=1$ $x$ . ,
$\eta$ : $A_{5}arrow \mathrm{G}\mathrm{L}(T_{x}S)$ , $T_{x}S$ $x$ , . $A_{\mathit{5}}$
, $\eta$ , $A_{5}$ 2
.
$d_{x}=2,3,4$ . $x$ . $x$ $G_{x}$
$A_{5}$ $d_{x}$ . , $A_{5}$ $d_{x}$ $S_{d_{x}}$
. , A5 .
Versal A5- $\varpi_{A_{5},1}$ : $X_{1}arrow Y_{1}$
$X_{1}$ 5 $\mathrm{d}\mathrm{e}\mathrm{l}$-Pezzo , $\mathrm{A}\mathrm{u}\mathrm{t}(X_{1})\cong S_{5}$ ( [6] )
. [3] , $X_{1}arrow X_{1}/A_{5}$ versal A5-
. $Y_{1}=X_{1}/A_{\mathit{5}},$ $\varphi_{A_{6},1}$ : $X_{1}arrow Y_{1}$ .
Versal A5- $\varphi_{A_{6},2}$ : $X_{2}arrow \mathrm{Y}_{2}$
$\rho:A_{5}arrow \mathrm{G}\mathrm{L}(3, \mathbb{C})$ $A_{5}$ 3 . $\rho$ versal S4-
$\varpi_{S_{4},2}$ : $X_{2}arrow$ , 1 versal $A_{5}$- $\varpi_{A\mathrm{s},2}$ : $X_{2}arrow$ .
2 0.2




– [1], [5] .
:
$G$ $S_{4}$ $A_{5}$ , $X_{1},X_{2}(=\mathrm{P}^{2})$ \S 1
. $X_{1}$ $X_{2}$ G-
$\Phi$ : $X_{1}--*X_{2}=\mathrm{P}^{2}$
. $|l|$ $\mathrm{P}^{2}$ – , $\mathcal{H}=\Phi^{-1}(|l|)$ .
, :
$\bullet$ $H\in \mathcal{H}$ $-aK_{\mathrm{Y}_{1}},(a>0)$
$\bullet$
$\mathcal{H}$ fixed component free , base point $\bigcup_{\lambda}O(x_{\lambda})(x_{\lambda}\in X_{1})$
.
,
$r_{\lambda}$ : $x\in O(x_{\lambda})$ $\mathcal{H}$ ,
$d_{\lambda}:=\#(O(x_{\lambda}))$ ,
. , Noether :
$\exists O(x_{\lambda_{\text{ }})}$ such that $r_{\lambda_{()}}>a$ ( $O(x_{\lambda_{\text{ }}})$ $\Phi$ maximal singularity )
$a^{2}K_{X_{1}}^{2}\geq r_{\lambda_{(\}}}^{2}d_{\lambda_{()}}$ , Noether $K_{X_{1}}^{2}$ >d\mbox{\boldmath $\lambda$} .
2.1 $G=S_{4}$
$K_{X_{1}}^{2}=6$ , $d_{\lambda_{\text{ }}}<6$ .
2.1 $d=4$ $\gamma.\sim$ $O(x)$ maximal singularity .
. 14 $X_{1}$ $x_{1}=\omega^{i}x_{0}(i=0,1,2)$
. $O((\omega^{1}, \omega^{i}, \omega^{i}))$ maximal singularity . $q:\hat{X}_{1}arrow X_{1}$
$O((\omega^{i}, \omega^{i}, \omega^{1}))\text{ }$ blow-up . $q^{*}\mathcal{H}-r(R_{i1}+R_{i2}+R_{i3}+R_{i3}+R_{t4}’)$
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xed component ( , Rij $(j=1,2,3,4)$
– ). $\overline{E}_{i}$ $E_{t}$ proper transform . ,
$(-aq^{*}K_{X_{1}}-r \sum_{J^{=1}}^{\mathit{4}}R_{ij})\overline{E}_{i}=2a-2r<0$.
, $q^{*}\mathcal{H}-r(R_{1}+R_{i2}+R_{i3}+R_{i3}+R_{i\mathit{4}})$ fixed component
, .
2.2 $d=3$ $O(x)$ maximal singularity .
. $O(P_{1})=\{P_{1}, P_{2}, P_{3}\}$ maximal singularity . , (
) $x_{0}y_{0}z_{0}=0$ $C_{1}$ .
$q:\hat{X}_{1}arrow X_{1}$ $O(P_{1})$ blow-up . , $q^{*}(\mathcal{H})-r(P_{1}+P_{2}+P_{3})$
fixed component ( $(j=1,2,3)$ –
) $\overline{C}_{1}$ $C_{1}$ proper transform .
$(-aq^{*}K_{X_{1}}-r \sum_{j=1}^{3}P_{j})\overline{C}_{1}=a-r<0$ .
, $\overline{C}_{1}$ $q^{*}\mathcal{H}-r(P_{1}+P_{2}+P_{3})$ fixed component
, .
2.2 $G=A_{5}$
$S_{4}$ , $\Phi$ $\#(O(x))<5$ $A_{\mathit{5}}$- $O(x),$ $x\in X_{1}$
. 15 .
0.2 .
3 $\varpi_{S_{4},1}$ : $X_{1}arrow$ $\varpi_{S_{4},2}$ : $X_{2}arrow$
, $\varpi_{S_{4},1}$ $\varpi_{S_{4},2}$ $S_{4}$ $\mathrm{C}\mathrm{r}_{2}(\mathbb{C})$
. .
$\varpi_{S_{4},1}$ $\varpi_{S_{4},2}$ versal , $S_{\mathit{4}^{-}}\Pi\overline{\mathfrak{o}}$ $\mu_{1}$ : $X_{1}--*X_{2}$ ,
$\mu_{2}$ : $X_{2}--*X_{1}$. $\mu_{1}(X_{1})\not\subset \mathrm{F}\mathrm{i}\mathrm{x}(X_{2}, S_{4}),$ $\mu_{2}(X_{2})\not\subset \mathrm{F}\mathrm{i}\mathrm{x}(X_{1}, S_{4}\ovalbox{\tt\small REJECT})$




1. $\mu_{i}(i=1,2)$ $\mathbb{C}(X_{1})/\mathbb{C}(X_{2})$ $\mathbb{C}(X_{2})/\mathbb{C}(X_{1})$
3 .
2. $\mathbb{C}(X_{2})/(\mu_{2}\circ\mu_{1})^{*}(\mathbb{C}(X_{2})$ Galois , Galois $(\mathbb{Z}/3\mathbb{Z})^{\oplus 2}$
.
$G$ $\mathrm{P}\mathrm{G}\mathrm{L}(3, \mathbb{C})$ , :
$A=$ , $B=$ , $C_{1}=$ ,
$C_{2}=$ , $D_{1}=$ , $D_{2}=$ ,
, :
1. $|G|=216$ .
2. $H_{1}$ $A,$ $B,$ $C_{1}.,$ $C_{2}$ ,Hl\cong S4
3. $H_{2}$ $D_{1},$ $D_{2}$ , $H_{1}$ $G$ , $G$
$H_{1}$ $H_{2}$ .
4. $H_{3}$ $D_{1}D_{2^{2}}$ , $H_{3}$ $G$ .
5. $S_{4}$ $A,$ $B,$ $C_{1},$ $C_{2}$ , \S 1.1
$\rho(\tau)(\rho(g))\rho(\tau)^{-1},$ $g\in S_{4}$ .
$[X_{0}., X_{1}, X_{2}]$ $\mathrm{P}^{2}$ , $\mathrm{P}^{2}$ $G$
$[X_{0}, X_{1}, X_{2}]^{\mathit{9}}:=[X_{0}, X_{1}, X_{2}]A_{g}$ ,
. $A_{g}$ $g\in G$ . $x=X_{1}/X_{0},$
.
$y=X_{2}/X_{\mathit{0}}$
, $\mathbb{C}(\mathrm{P}^{2})=\mathbb{C}(x, y)$ , $G$
$(x, y)^{A}=(y, x)$ , $(x, y)^{B}=(y/x, 1/x)$ , $(x,y)^{C_{1}}=(x, -y)$ ,
$(x, y)^{C_{2}}=(-x, -y)$ , $(x,y)^{D_{1}}=(\omega x, y)$ $(x, y)^{D_{2}}=(x,\omega y)$ .
.
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31 $u,$ $v\in \mathbb{C}(\mathrm{P}^{2})^{I\mathrm{f}_{3}}$ ,
1. $\mathbb{C}(\mathrm{P}^{2})^{H_{3}}=\mathbb{C}(u, v)$
2. $H_{1}$ $\mathbb{C}(\mathrm{P}^{2})^{H_{3}}$ $S_{\mathit{4}}$ :
$(u, v)^{A}=(v, u)$ , $(u, v)^{B}=(v, 1/(uv))$ ,
$(u, v)^{C_{1}}=(-u, v)$ , $(u, v)^{G_{2}}=(-u, -v)$ .
. $u=x^{2}/y,$ $v=y^{2}/X$ .
3.1 $\mathbb{C}(\mathrm{P}^{2})^{H_{3}}$ $\mathbb{C}(X_{1})$ $S_{4}$ – .
$(x, y, z)$ \S 1 $\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}$ , $X_{1}$ $xyz=1$
. $x=u,$ $y=v,$ $z=1/uv$ . , $\mathrm{P}^{2}/H_{2}\cong \mathrm{P}^{2}$ , $H_{1}$
$\mathrm{P}^{2},$ $\mathrm{P}^{2}/H_{2}$ $S_{4}$ , $X_{2}$ $S_{\mathit{4}}$ – .
:
$\mathbb{C}(\mathrm{P}^{2})$ $\supset$ $\mathbb{C}(\mathrm{P}^{2})^{H_{3}}$ $\supset$ $\mathbb{C}(\mathrm{P}^{2})^{H_{2}}$
$||$ $||$ $||$
$\mathbb{C}(X_{2})$ $\mathbb{C}(X_{1})$ $\mathbb{C}(X_{2})$
, $\mu_{2}$ : $X_{2}--*X_{1}$ $\mu_{1}$ : $X_{1}--*X_{2}$ . $\mu_{i}(i=1,2)$
$S_{\mathit{4}}$ , $S_{4}$ $H_{1}$ . ,
$(\mu_{2}\circ\mu_{1})^{*}(\mathbb{C}(X_{2}))\subset \mathbb{C}(X_{2})$ $(\mathbb{Z}/3\mathbb{Z})^{\oplus 2}$- . ,
34 $\mu_{1}$ $\mu_{2}$ .
3.1 $A_{\mathit{5}}$ , $\varpi_{A_{6},1}$ $\varpi_{A_{6},2}$
.
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